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ON CAPACITARY STRONG TYPE INEQUALITIES
FOR ORLICZ-SOBOLEV FUNCTIONS
RITVA HURRI-SYRJA¨NEN AND JANI JOENSUU
Abstract. We prove capacitary strong type inequalities for func-
tions belonging to Orlicz-Sobolev spaces. As an application we
consider capacitary averages and their limits.
1. Introduction
Let Φ be a Young function with some restrictions and let Ψ be an
increasing C1-function with some restrictions, both defined on the pos-
itive real line. We study the capacitary strong type inequalities
(1.1)
∫ ∞
0
CΦ
({
x ∈ Bn(0,R) : |u(x)| > t
})
dΨ(t) ≤ K
∫
Φ(|∇u(x)|)dx
for all functions u belonging to the Orlicz-Sobolev space W1,Φ0 (Bn(0,R)),
n ≥ 2; here K is a constant independent of u.
When Ψ(t) = tp, t > 0, p ≥ 1, capacitary strong type inequalities have
been studied thoroughly by Vladimir Maz’ya in [Maz, Sections 11.1–
11.4] and by David R. Adams and Lars Inge Hedberg in [AH, Section
7].
The cases when Φ(t) = tn(log(e + t))α and Ψ(t) = tn(log(e + 1t ))−α,
t > 0, 0 ≤ α ≤ n − 1, were considered by Adams and the first author in
[AHS2] where the capacitary strong type inequality (1.1) is proved for
functions whose derivatives belong to Ln(log(e+ L))α, [AHS2, Theorem
1.9]. We generalize these results for a larger class of functions Φ and
Ψ. Our main theorem is
1.2. Theorem. Let Φ be a Young function on [0,∞) and let Ψ be an
increasing C1-function on (0,∞) such that there are functions f and
ϕ : [0,∞) → [0,∞) satisfying the doubling condition and a function
ψ : (0,∞) → (0,∞) so that Φ(t) = f (t)ϕ(t) and Ψ(t) = f (t)ψ(t) and the
inequalities
(1.3) f (s) · f (t) ≤ C f (st)
and
(1.4) ϕ(s) · ψ(t) ≤ Cϕ(st)
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hold for all s, t ∈ (0,∞) with some fixed constant C. Let R > 0 be
given. Then, there is a constant K such that the capacitary strong type
inequality
(1.5)
∫ ∞
0
CΦ({x ∈ Bn(0,R) : |u(x)| > t})dΨ(t) ≤ K
∫
Φ(|∇u(x)|)dx
holds for all functions u belonging to the Orlicz-Sobolev space W1,Φ0 (Bn(0,R)),
n ≥ 2; here K is independent of u.
1.6. Remark. If Φ(t) = f (t)ϕ(t) is a Young function, it is not necessary
that both f and ϕ are Young functions in Theorem 1.2. As an example,
consider Φ(t) = tp log(e + t) , 1 < p < 2.
There are lots of functions Φ and Ψ for which this capacitary strong
type inequality (1.5) is valid with functions from the Orlicz-Sobolev
space W1,Φ0 (Bn(0,R)). We give concrete examples of functions Φ andΨ in
Example 4.3 and more general examples in Example 4.1 and Corollary
4.2. As an application we prove results for limits of capacitary averages,
Theorem 5.2.
2. Preliminaries
Let us recall that a continuous, strictly increasing convex function
Φ : [0,∞) → [0,∞) is called a Young function, if
lim
t→0+
Φ(t)
t
= lim
t→∞
t
Φ(t) = 0.
It is well known that
Φ(t) =
∫ t
0
φ(s) ds
with some non-decreasing, right-continuous function φ on [0,∞). The
so called ∆2-condition, which means that for a Young function Φ there
is a positive constant C such that
(2.1) Φ(2t) ≤ CΦ(t)
for all t ∈ [0,∞) , is a useful property. The condition (2.1) is called the
doubling condition if the function Φ is not a Young function.
Let G be a domain in n, n ≥ 2, that is open and connected. Let us
write  =  ∪ {∞} ∪ {−∞} and
M0(G) = {u : G → ∣∣∣ u is measurable } .
The Orlicz class
LΦ(G) =
{
u ∈ M0(G)
∣∣∣∣∣
∫
G
Φ(|u(x)|) dx < ∞
}
is not necessarily a linear space. Hence, the Orlicz space is defined as
LΦ(G) =
{
u ∈ M0(G)
∣∣∣
∫
G
Φ(|λu(x)|) dx < ∞ with some λ > 0
}
.
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If Φ satisfies the ∆2-condition, then in fact LΦ(G) = LΦ(G). The Orlicz
space equipped with the Luxemburg norm,
||u||LΦ(G) = inf
{
s
∣∣∣∣∣
∫
G
Φ
(∣∣∣u(x)
s
∣∣∣) dx ≤ 1} ,
is a Banach space.
The Orlicz-Sobolev space W1,Φ(G) is defined as
W1,Φ(G) =
{
u ∈ LΦ(G)
∣∣∣ the first weak derivative Du ∈ LΦ(G)}.
It is a Banach space with the norm
||u||W1,Φ(G) = ||u||LΦ(G) + ||Du||LΦ(G) .
The space W1,Φ0 (G) is the closure of C∞0 (G) with respect to the norm
|| · ||W1,Φ(G). The functions from the Orlicz, and Orlicz-Sobolev, spaces
are called Orlicz, and Orlicz-Sobolev, functions respectively.
If a Young function Φ satisfies the ∆2-condition, then the space
W1,Φ(G) is separable and also C∞0 (n) is dense in W1,Φ(n). We refer
the reader to [AF, Chapter 8], [KJF, Chapter 3] and [RR] for more in-
formation about Orlicz spaces and to [KJF, Chapter 7] for information
about Orlicz-Sobolev spaces.
Throughout the paper, the letters C and K will denote various con-
stants which may differ from one formula to the next. The notation
∼ means ’is comparable to’, that is the ratio of the two quantities
is bounded above and below by finite positive constants. The balls
Bn(0,R), R > 0, are in n, n ≥ 2.
The following ∆+2 -condition introduced in [J3, Section 4] is useful in
applications.
The ∆+2 -condition. Let 1 < p < ∞. Let ϕ be a positive, increasing
and differentiable function on [0,∞) such that
ϕ(t2) ∼ ϕ(t) on (0,∞)
and
lim
t→∞
tϕ′(t)
ϕ(t) = 0.
If there are positive constants C and K such that
tϕ′(t)
ϕ(t) ≤ C < p for all t ∈ (0,∞)
and
ϕ′(t) ≤ K for all t ∈ (0,∞),
and if the function t 7→ tpϕ(t) is a Young function on [0,∞) with a
fixed p ∈ (1,∞), then the function Φ(t) = tpϕ(t), t ≥ 0, satisfies the
∆
+
2 -condition.
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2.2. Example. The function Φ,
Φ(t) = tp (log(C + t))θ exp ([log log(C + t)]γ) , t ≥ 0
satisfies the ∆+2 -condition when p ∈ (1,∞), θ ∈ [0, p − 1], γ ∈ [0, 1), and
C ≥ ee is a positive constant depending on p, θ and γ only. We refer
the reader to [J3, Example 18].
3. The CΦ-capacity
We recall the definition of the CΦ-capacity when Φ is a Young func-
tion with the ∆2-condition.
3.1. Definition. Let R > 0 be given. Let Φ be a Young function
such that Φ satisfies the ∆2-condition. For any set E in Bn(0,R) the
CΦ-capacity of E is defined by
CΦ(E) = inf
{∫
Φ(|∇u(x)|)dx : u ∈ C∞0 (Bn(0,R)), u(x) ≥ 1 when x ∈ E
}
.
A given property holds for almost every x0 ∈ 
n ( a. e. x0 ∈ 
n ) in
the CΦ-capacity sense if it holds outside a set of zero CΦ-capacity; this
is written as CΦ -a.e. x0 ∈ n. The set
{u ∈ C∞0 (Bn(0,R)) : u(x) ≥ 1, x ∈ E}
can be replaced by a larger set
{u ∈ W1,Φ0 (Bn(0,R)) : u(x) ≥ 1 for CΦ − a.e. on E}.
That is, if E in Bn(0,R) is compact and
K = inf
{∫
Φ(|∇u(x)|)dx : u ∈ W1,Φ0 (Bn(0,R)), u(x) ≥ 1 forCΦ−a.e. on E
}
,
then CΦ(E) = K .
For the calculations it is easier to use the Riesz capacity. We recall
its definition. Here, I1(y) = |y|1−n is a Riesz kernel. Let E be a set in
Bn(0,R). If the function Φ satisfies the ∆+2 -condition,
RΦ(E) = inf
{∫
Φ( f (x))dx : f (x) ≥ 0, spt f ⊂ Bn(0,R), I1∗ f (x) ≥ 1, x ∈ E
}
,
the support of f is written as spt f . Other papers that explore or use
similar capacities are for example [AC], [AHS1], [CS], [FMOS], [J1],
[J2], [J3], [M], and [MS].
3.2. Lemma. If the function Φ satisfies the ∆+2 -condition, then RΦ(E) ∼
CΦ(E) for all compact sets E in Bn(0,R).
For the proof we need Lemma 3.4. Let R = (R1 , . . . ,Rn) be a Riesz
transformation. Suppose that there is a constant K depending on n
only such that
(3.3) R j ∗ u(x) = K
∫
x j − y j
|x − y|n+1
u(y)dy, j = 1, . . . , n,
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with a suitable function u.
3.4. Lemma. [KK, Theorem 1.4.3] If the function Φ satisfies the ∆+2 -
condition,
∫
Φ(u(x))dx < ∞ with a function u from a suitable space,
and (3.3) holds, then there exists a constant C such that
∫
Φ(R j ∗ u(x))dx ≤ C
∫
Φ(u(x))dx, j = 1, . . . , n.
3.1. Proof for the equivalence of the capacities.
Proof. Let u ∈ C∞0 (Bn(0,R)), with u(x) ≥ 1 on E. Then
1 ≤ |u(x)| ≤ KCΦ(E)
with some constant K. On the other hand, if I1 ∗ f (x) ≥ 1 on E, then
by Lemma 3.4 for a Riesz transformation R = (R1, . . . ,Rn) there is a
constant C such that∫
Φ(|∇(I1 ∗ f )|)dx =
∫
Φ(|∇(R ∗ f )|)dx ≤ C
∫
Φ( f )dx .
Hence I1 ∗ f is a test function for CΦ. Thus,
CΦ(E) ≤ CRΦ(E)
with a constant C, 
The equivalence of the capacities in Lemma 3.2 can be extended to
all Suslin sets A in Bn(0,R), since CΦ(A) = supE⊂A CΦ(E), where E is
compact and RΦ(A) = supE⊂A RΦ(E), where E is compact.
4. The capacitary strong-type inequality: proof and
examples
We will prove the capacitary strong type inequality (1.1) for a large
class of functionsΦ andΨ with Orlicz-Sobolev functions from W1,Φ0 (Bn(0,R))
as formulated in Theorem 1.2. The proof is an extension of the proof
of [AHS2, Theorem 1.9].
4.1. Proof for the capacitary strong type inequality in Theo-
rem 1.2.
Proof. We may assume that u ∈ C∞0 (Bn(0,R)). Since the function t 7→
Ψ(t) is a C1-function in (0,∞), the Riemann-Stieltjes integral becomes
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the Riemann integral. Since Ψ is increasing in (0,∞), we obtain∫ ∞
0
CΦ({x : u(x) > t})dΨ(t) =
∞∑
k=−∞
∫ 2k+1
2k
CΦ({x : u(x) > t})dΨ(t)
≤
∞∑
k=−∞
CΦ({x : u(x) > 2k})
∫ 2k+1
2k
Ψ
′(t)dt
≤
∞∑
k=−∞
CΦ({x : u(x) > 2k})(Ψ(2k+1) − Ψ(2k)).
Let H : (−∞,∞) →  be the function
H(t) =

0, if t ≤ 1/2,
2t − 1, if 1/2 ≤ t ≤ 1,
1, if t ≥ 1.
Then, 0 ≤ H′(t) ≤ 2 for all t ∈ (0,∞). On the set
{
x :
u(x)
2k
> 1
}
H(u(x)2k ) = 1. Let us write
Ek =
{
x :
1
2
<
u(x)
2k
≤ 1
}
.
Since the function H(u(x)2k ) is a test function for the CΦ-capacity of the
set
{
x : u(x)2k > 1
}
, that is CΦ({x : u(x)2k > 1}), and H′(u(x)2k ) = 0 outside Ek,
and Φ(0) = 0, we obtain∫ ∞
0
CΦ({x : u(x) > t})dΨ(t)
≤
∞∑
k=−∞
CΦ({x : u(x) > 2k})(Ψ(2k+1) −Ψ(2k))
≤
∞∑
k=−∞
(Ψ(2k+1) −Ψ(2k))
∫
Φ
(
|∇H(u(x)/2k)|
)
dx.
Further,
∇H(u(x)/2k) = H′(u(x)/2k) · ∇u(x)/2k,
and 0 ≤ H′(t) ≤ 2, and Φ is increasing. Hence
∞∑
k=−∞
(Ψ(2k+1) −Ψ(2k))
∫
Φ
(
|∇H(u(x)/2k)|
)
dx
=
∞∑
k=−∞
(Ψ(2k+1) −Ψ(2k))
∫
Ek
Φ
(
H′(u(x)/2k)|∇u(x)|/2k
)
dx
≤
∞∑
k=−∞
(Ψ(2k+1) −Ψ(2k))
∫
Ek
Φ
(
|∇u(x)|/2k−1
)
dx.
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It follows from
0 ≤ Ψ(2k+1) −Ψ(2k) ≤ Ψ(2k+1),
and inequalities (1.3) and (1.4) that
∞∑
k=−∞
∫
Ek
Φ
(
|∇u(x)|/2k−1
)
dx(Ψ(2k+1) − Ψ(2k))
≤
∞∑
k=−∞
∫
Ek
Φ
(
|∇u(x)|/2k−1
)
Ψ(2k+1)dx
=
∞∑
k=−∞
∫
Ek
f (|∇u(x)|/2k−1) · ϕ(|∇u(x)|/2k−1) · f (2k+1) · ψ(2k+1)dx
≤ C
∞∑
k=−∞
∫
Ek
f (|∇u(x)| · 2−k+1 · 2k+1)ϕ(|∇u(x)| · 2−k+1 · 2k+1) dx.
Since functions f and ϕ satisfy the doubling condition, the previous
estimates yield
∫ ∞
0
CΦ({x : u(x) > t})dΨ(t) ≤ C
∞∑
k=−∞
∫
Ek
f (4|∇u(x)|)ϕ(4|∇u(x)|)dx
≤ C
∞∑
k=−∞
∫
Ek
f (|∇u(x)|)ϕ(|∇u(x)|)dx
= C
∞∑
k=−∞
∫
Ek
Φ(|∇u(x)|)dx
= C
∫
Φ(|∇u(x)|)dx.
Hence, the proof is complete. 
Now we give general examples of the functions which satisfy the
capacitary strong type inequality of Theorem 1.2. In the first example
the main point is the role of function ψ.
4.1. Example. If functions ϕ and f are increasing on [0,∞) and the
function t 7→ f (t)ϕ(t) is a Young function on [0,∞), and the inequality
ϕ(st) ≤ Cϕ(s)ϕ(t)
holds with some constant C for all s, t ∈ (0,∞), then Theorem 1.2 is
valid with ψ(t) = (ϕ(1/t))−1. To verify the claim we have to check the
validity of the inequality
ϕ(s) · ϕ
(
1
t
)−1
≤ Cϕ(st)
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for all s, t ∈ (0,∞). But the inequality holds, since ϕ(st) ≤ Cϕ(s)ϕ(t) for
all s, t ∈ (0,∞) and we may calculate
ϕ(s) · ϕ
(
1
t
)−1
= ϕ
(
st ·
1
t
)
ϕ
(
1
t
)−1
≤ Cϕ(st) · ϕ
(
1
t
)
ϕ
(
1
t
)−1
= Cϕ(st).
The next result shows that our capacitary strong-type inequality is
valid for a large class of Young functions Φ, namely the ones which
satisfy the ∆+2 -condition.
4.2. Corollary. Let 1 < p < ∞ be fixed. Let the Young function Φ(t) =
tpϕ(t) satisfy the ∆+2 -condition on [0,∞) and let Ψ(t) = tpψ(t) be an
increasing C1-function on (0,∞) such that with some constant C
ϕ(s) · ψ(t) ≤ Cϕ(st) for all s ≥ 0 and t > 0.
Then, if a function u belongs to the Orlicz-Sobolev space W1,Φ0 (Bn(0,R)),
there is a constant K, independent of function u, such that∫ ∞
0
CΦ({x ∈ Bn(0,R) : |u(x)| > t})dΨ(t) ≤ K
∫
Φ(|∇u(x)|)dx.
Now, we give concrete examples of functions Φ and Ψ which satisfy
the conditions of Theorem 1.2, the functions f and ψ being f (t) = tp
with p ∈ (1,∞) and ψ(t) = (ϕ(1t ))−1:
4.3. Example. Let functions f and ψ be f (t) = tp with p ∈ (1,∞) and
ψ(t) = (ϕ(1/t))−1 in Theorem 1.2. If we choose the functions Φ and Ψ in
one of the following ways, then the capacitary inequality of Theorem
1.2 holds.
(1) Let θ ∈ [0,∞) and Φ(t) = tp(log(e + t))θ and Ψ(t) = tp(log(e + 1
t
))−θ .
(2) Let θ ∈ [0, 1) and Φ(t) = tp exp ((log log(C + t))θ)
and Ψ(t) = tp exp (−(log log(C + 1
t
))θ) with some constant C
which depends on p and θ only.
(3) Let θ ∈ [0, 1) and Φ(t) = tp exp ((log(e + t))θ)
and Ψ(t) = tp exp (−(log(e + 1
t
))θ) .
We omit the calculations, which are straightforward.
5. Capacitary averages
As an application of our capacitary strong type inequality we show
that certain capacitary averages tend to zero almost everywhere in the
given capacity sense.
We need the following estimates for capacities of balls. For the proof
we refer the reader to [M, Lemma 7.3] where similar estimates with
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the Riesz capacity RΦ are considered. Since RΦ(Bn(0, r)) ∼ CΦ(Bn(0, r)),
0 < r < R, the proof for Lemma 5.1 follows easily.
5.1. Lemma. Let Bn(0,R) be a fixed ball, R > 0, n ≥ 2. Suppose that
a Young function Φ(t) = tnϕ(t), t ≥ 0, satisfies the ∆+2 -condition. If
r ∈ (0,R/2) and
F (r) =
∫ R
r
s−1ϕ
(
1
s
)− 1
n−1
ds,
then there is a positive constant K, depending on n,R and ϕ only, such
that
K−1F (r)1−n ≤ CΦ(Bn(0, r)) ≤ KF (r)1−n .
We obtain the next theorem on capacitary averages by using our
capacitary strong type inequality. The proof is similar to the proof of
[AHS2, Lemma 6.1].
5.2. Theorem. Let n ≥ 2. Let the Young function Φ(t) = tnϕ(t), t ≥ 0,
satisfy the ∆+2 -condition. Let Ψ(t) = tnϕ(1t )−1, t > 0, be an increasing
C1-function. If
Et(r) = Bn(x0, r) ∩ {x : |u(x) − u(x0| > t},
where 0 < r < R and u ∈ W1,Φ0 (Bn(0,R)), then
lim
r→0
1
CΦ(Bn(x0, r))
∫ ∞
0
CΦ(Et(r))dΨ(t) = 0
for almost every x0 ∈ 
n in the CΦ-capacity sense.
Proof. Let us write F(x) = |u(x)−u(x0)| and define the maximal operator
M(F)(x0) = sup
r>0
1
CΦ(Bn(x0, r))
∫ ∞
0
CΦ(Et(r))dΨ(t) .
In order to show the maximal operator satisfies the weak-type inequal-
ity
(5.3) CΦ(x ∈ Bn(0,R) : M(I1 ∗ F)(x) > t}) ≤ C
Φ(t)
∫
Φ(F(x))dx
we divide the function F into two parts: F(x) = (F1 + F2)(x) where
F1(x) = F(x)χBn(x0 ,2r)(x). The function χA is the characteristic function
of a set A. By the capacitary strong-type inequality Theorem 1.2 and
by Lemma 3.4 there is a constant C such that∫ ∞
0
CΦ({x ∈ Bn(x0, r) : (I1 ∗ F1)(x) > t})dΨ(t)
≤ C
∫
Φ(|∇I1 ∗ F1(x)|)dx ≤ C
∫
Φ(F1(x))dx
≤ C
∫
Bn(x0 ,2r)
Φ(F(x))dx .
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On the other hand, (I1 ∗ F2)(x) ≤ (I1 ∗ F)(x0) whenever x ∈ Bn(x0, r).
Thus, by Lemma 5.1
(5.4) M(I1∗F)(x0) ≤ C sup
r>0
1
CΦ(Bn(x0, r))
∫
Bn(x0 ,r)
Φ(F(x))dx+C(I1∗F)(x0).
Let us write
At =
{
x : sup
r>0
1
CΦ(Bn(x, r))
∫
Bn(x,r)
Φ(F(y))dy > Φ(t)
}
.
For each x ∈ At there is Bx, a ball with center x, so that
(5.5)
∫
Bx
Φ(F(y))dy > Φ(t)CΦ(Bx).
By a covering argument, [S, 1.6], there exists a family of disjoint balls
B j such that At ⊂
⋃∞
j=1 5B j. By inequality (5.5)
CΦ(At) ≤ C
∞∑
j=1
CΦ(B j)
≤
C
Φ(t)
∞∑
j=1
∫
B j
Φ(F(x))dx
≤
C
Φ(t)
∫
n
Φ(F(x))dx.(5.6)
Hence, inequality (5.4), estimate (5.6) and the definition of CΦ imply
the weak-type inequality (5.3). Since the function Φ satisfies the ∆2-
condition, C∞0 (n) is dense in W1,Φ(n)=W1,Φ0 (n) by [DT, Theorem
2.1]. Hence the weak-type inequality gives the claim. 
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